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We provide examples of families of (log) smooth canonically polarized varieties, in- 
cluding smooth weighted pointed curves and smooth hypersurfaces in P'^ with large 
degree such that the Chow semistable limits under distinct pluricanonical embeddings 
do not stabilize. 
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1 Introduction 

We work over the field C of complex numbers. Ever since the geometric invariant 
theory (GIT) was reinvented by Mumford, using it to construct the moduli space of 
polarized varieties {X, L) by taking the geometric invariant theory quotient of the Chow 
(or Hilbert) semistable points is one of the most important applications. When L is 
a (positive) power of the canonical bundle ljx, i.e., if X is a canonically polarized 
manifold, it was shown by Mumford-Gieseker in dimension 1, Gieseker in dimension 2 
and Donaldson- Yau in higher dimension that {X, ojx) is asymptotically Chow stable (see 
[MFK94, Gieseker77, Yau76, DonaldsonOl]), i.e., given a smooth canonically polarized 
variety {X,ujx) we know that there exists an ro such that {X,lu^^) is Chow stable for 
any r > ro. 

By the general GIT theory [MFK94], we indeed get a projective moduli space contain- 
ing an open locus parameterizing smooth {X, uj^^). To understand this compactification, 
we need to characterize singular objects that are included in the GIT compactification. 
Since by the nature of the GIT construction the members included in this compactifica- 
tion a priori depend on the multiple r of the pluri-canonical embedding. A fundamental 
question, asked first by KoUar (cf. [VanOpstall04, Problem 3.1]), is to see whether or 
not those members in the GIT compactification will eventually stabilize, i.e., whether 
Chow semistable canonically polarized varieties will be the same for sufficiently divisible 
r like the case of moduli space of curves. However, in this note we show this fails in 
general even for very natural examples. 
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Definition 1. A polarized log variety {X, D; L) is called asymptotically log Chow semistable 
(resp. weakly asymptotically log Chow stable) if the corresponding Chow points of{X,D) 
under the embeddmgs given by \L'^''\ is semistable for fc 3> 1 (resp. infinitely many 
k £fi). (see Section 2 for more background). 

When D = 0, we will just write {X, L) for (X, D; L). 

Theorem 1. There exist projective flat families {X, V; C) which are families of 

(1) smooth weighted pointed curve n : {X,T,f^iaiSi;Lux{'Ef-iaiSi)) — i- B° for any 
(ai, a„) e Q" n [0, 1]", genus g>3 satisfying J2i o-i > 

(2) degree m smooth hypersurfaces {X,0{1)) — >■ B° in ¥%o for any m > 30, and 

(3) smooth surfaces {X,ujx) — 5- B° whose fibers satisfy {K%^,pg) = (2,0), 

over a punctured smooth curve B° = B \ {bo}, such that for any sufficiently divisible r, 
the Chow semistable limits of (Xt, T>b \ -C®' ) for 6 — i- 6o are not weakly asymptotically log 
Chow semistable. 

The explicit families are given in Section 4. From this result, the fact that we can 
use GIT to construct Mg seems to be completely a coincidence. In fact, Theorem 1 
follows from the following main technical results of this paper. 

Theorem 2. Let [X,T)) B be a KSBA-stable family (see Definition 4) over a smooth 
curve B. Let r be a positive integer such that r{Kx + T^) is Cartier. Let bo € B such 
that for any b G B° = B\{bo}, the fiber {Xb,'Db;Lo^p{rD)\x^) is asymptotically log Chow 
semistable. 

Then for any flat family {X^ ,T>^ ; £) of polarized log varieties over B satisfying 

{X',V^;C) Xb B° ^ {X,V-Jp{rV)) Xb B° (1) 

and with the special fiber (Xf^^^,!)^^; C^''\x,,g) being log Chow semistable for infinitely 
many k > 0, we have 

(A'^^|^£) ^ {X,V;uj''p{V)). 

As an immediate consequence, we obtain a criterion to tell when there is no asymp- 
totically Chow semistable filling. 

Theorem 3. Let us continue the notation as above. Lf we assume the polarized pair 

{Xb„,Vb„;J^\rV)\xJ 

is not (weakly) asymptotically log Chow semistable. Then for any flat family {X^ ,T>^ ; C) 
satisfying (1) as above, {X^^^,T>1^ \ C\x^^) is not (weakly) asymptotically Chow semistable. 

Now we explain our strategy to prove Theorem 2. Let us recall one observation in 
[LXll], which says that given a family of canonically polarized varieties over a punctured 
curve, the KSBA-stable compactification minimizes DF invariants which are the degrees 
of the CM-line bundle defined in [PTIO] (see Section 3). The new input we had in this 
note is that a similar property holds for GIT stability as well. In fact, by applying the 
theory of height introduced in [Wangl2] (see Subsection 2.1), which plays a similar role 
as the degree of the CM-line bundle but for Chow line bundle, we observed that the 
Chow semistable filling minimizes the geometric height (see Subsection 2.3). However, 
as the limit of the normalized geometric heights is identical to the DF invariant, we 
immediately conclude the two special fibres for this two families must be isomorphic 
using the uniqueness of KSBA-stable compactification. 

Finally, to prove Theorem 3. We assume there is a new family with a asymptotically 
log Chow semistable special fiber and satisfies (1). Then by Theorem 2 the central fiber 
must be isomorphic to (A^t^ , ; cjj^' (rO) | ), contradicting to our assumption that it 
is not asymptotically log Chow semistable. 
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In conclusion, the moral of this paper is better being illustrated as the following 
diagram 

KSBA-stability K-stability 




asymptotic Chow Stability . 



Notations and Conventions See [KM98] for the definitions of discrepancies and 
various singularities of log pairs, e.g., log canonical, kit etc.. For a proper morphism 
/ : y -)• X and a Q-divisor D on Y, we denote R(Y/X, D) ■- 0,„^o f*i'^D). 

Acknowledgement. The authors would like to express our gratitude to Janos KoUar 
and Baosen Wu for bring this question into our attention, also to Janos KoUar for 
providing us the hypersurfaces examples in Subsection 4.2. We thank Yi Hu and Yuji 
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Tian for point out the reference [PTIO]. This collaboration started from XW's visit to 
the Mathematics Department of University of Utah in September 2012. He thanks the 
faculty members there for the hospitality and the research environment they produced. 
CX is partially supported by grant DMS-1159175, Warnock Presidential Endowed Chair 
and the Chinese government grant 'Recruitment Program of Global Experts'. 



2 GIT height 

In this section, to make our exposition self-contained we first review the theory of 
GIT height for a family of GIT problem as introduced in [Wangl2]. In particular, 
we show GIT height decreases along semistable replacement. Then we will apply these 
constructions to study Chow stable polarized varieties. At the end, we prove that among 
all the birational families over B that are isomorphic over an open set U C B, over 
which the fibers are all Chow semistable, a family with all fiber being Chow semistable 
minimizes the GIT height. 

2.1 GIT height 

To begin with, let {Z,Oz{i-)) be a projective variety with an action of a reductive 
algebraic group G, and the polarization OziX) is a G-linearized ample line bundle on 
Z, that is, there is a G-action on the total space of OziX) that covers its action on Z. 

Definition 2. Let z & Z and \ : C ^ G be a one parameter subgroup. Let 

zn := lim X(t) ■ z 

Then the A- weight o/ z, which will be denoted by Wz{X) G is the weight of C* -action 
on Oz{l)\za = C A point z is called (semi-)stable with respect to the G -linearization of 
Oz{l) if WziX) (>)> for all one parameter subgroups A : C* — G. 

A family GIT problem over a smooth proper curve B consists of the following data: 

• Let (Z, Oz{l)) be a polarized projective manifold with an action of a connected 
reductive algebraic group G, where Oz(l) is very ample and G-linearized. We 
assume the induced representation 

p:G^GL{H''(Z,Oz{m (2) 

satisfies 

Imp D C* • 7, (3) 
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where I is the identity in G'L{H°{Z,Oz(l)))- Let 

G := ker(detop). (4) 

We study the GIT problem for the G-action on {Z, 02(1)). 
• Let 

G > 

V 

B 

be a principal G-bundle over B. 

Let TVz • Z := Fr'^ '^g^ — ^ ^ fibration associated to Fr*^. By our assumption 

that Oz{i) is very ample and G-linearized, we have 

Oz{l) ■■=Ft'^ x^Oz{l) (5) 
is ir-relative very ample. And for a fixed b £ B, there is an isomorphism 

i, : {Zt = 7Tz\b),Oz{l)\zJ = {Z, Oz{l)). 
Moreover, there is a bundle morphism 

Z y F£ 

B = B 

where £ = ttz*Oz(1) = Fr'^ H'^{Z,Oz{l)) B. Over Z, there is a natural vector 
bundle tvzS'' (1) = vr^f'' ® Oz(l) = •Hom(7r:|£', Op£(1)|z). 

Definition 3. We define the height 7^(2:, 0^(1)) for the family {Z,Oz{i)) to be the 
determinant line bundle detTr^f ^(1) £ Pic{Z), where Pic(.E) is the Picard variety of Z. 
For any section s of the fibration tt : {Z, Oz{i)) B we define the height of s to be 

h(z,OzW)i^) ■= degs*?^{^,o^(i)) = deg(s* det7rj£:^(l)) 
= (iV + 1) deg(s*0:j(l)) - deg(7r:j.02:(l)) 

where N + 1 is the rank of £. 

Let s be a section of the fibration tvz ■ {Z, Oz(i)) — B. It induces a G-equivariant 
Z- valued function of Fr'^ which is, by abuse of notation, still called s, i.e., s : Fr'' — >■ Z 
is a morphism satisfying s{-g) = ■ s(-),V(; £ G. For any fc > 1, suppose that 
(T G H'^{Z, Oz{k))'^ is a G-invariant section, then it induces a composite morphism 

aos:Fr^ ^ Z ^ Oz{k). 

By our assumption (3), for any g G G, there is a /i G G such that p{h) — XI and 
h^^ ■ g £ G. These imply 

det p{g) — det p{h) = A^^""^ and pk{g) ■ o = pk{h) ■ a = A'^ct 

where pk '■ G GL{H^\Z,Oz(k))) is induced from the linearization of G on OziX). 
Hence for any x £ Fr*^, 

ao s{x- g) = (j{g~^ ■ s{x)) = pk{g)~^(p o s)[x) = \~^a o s(x) G Oz(k)\^(^) = C 

In particular, if fc = (A^ + l)fc' then a o s{x ■ g) = (det p{g))~''' ■ cr o s{x). So ct o s defines 
a section of the line bundle 

{detSf'-''''^ (g) s*Oz{k) ^ det{s*{7v*z£))^^''''^ ® s*Oz{k) 
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since nz ° s = id, that is, 

s*(cr) = o-os G H''{B,s*{det{TT*z£''{l)))^'''). (6) 

Thus we obtain the following theorem, which refines [CH88, Theorem f.f]. 
Theorem 4. Let B be a smooth projective curve and 

Z 

TT 

B 

be the fiberation we constructed above. Let so, si be two sections of the fibration Z over 
B and bo,b\ £ B are two distinct points 

1. Suppose so(bo) £ Zt^ is a semistable point with respect to the line bundle Oz{i)\z^g 
then h(^z,OzW)i^o) ^ 0. Suppose further so(&i) G Zt-^ is unstable with respect to 
Oz{l)\zt^ then h(z,OzW){so) > 0. 

2. Suppose for any b G -B\{6o} we have so (6) G G ■ si(fe) C Zb and so(6o) is unstable 
but si(6o) is semistable. Then 

h(z,Oz(i)){so) > 

Proof It follows from GIT (cf. [MFK94]) that if so(6) G (Zb,Oz{l)\z^) = {Z,Oz{l)) 
is semistable with respect the G-action then there is a G-invariant section 

a G H'\Z, Oz{k)f 

for some ^ 1 such that a{so{b)) ^ 0. Without loss of generality, we may assume that 
k = {N + l)k'. 

By the construction above (cf. (6)), we have 

sUa)€H'{B,s*o{det{n'£''{l))f'') 
such that a o so(fe) 7^ 0, this implies 

< deg(sS(det(7r*£^(l)))®'=') 

= k'{{N + l)deg{s*oOz{l))-deg{£)) 

= k'[{N + 1) deg(sSO^(l)) - deg(det 7r*02:(l))], 

which is exactly what we want to prove. For the further part, we only need to notice 
that so(6i) being unstable implies that cr(so(foi)) = 0, i.e., So(cr) is a nonvanshing section 
which has at least one zero. 

For the second part, it follows from our assumption that Si(cr) has the same zero 
section as SQ{a) along B \ {bo}, but at bo loses at least one zero by replacing so(feo) by 
si(bo) in Zbg. Hence we obtain 

deg(st(det(7ri£^(l)))®''') < degsS(det(^j£^(l)))«'=' - 1. 

□ 

Remark 1. It follows from the semistable replacement property of GIT (see [Mum77, 
5.3]), after a possible base change of the family Z B, we can always decrease the 
height by replacing the unstable value (e.g. so(bo) m Theorem 4) by a semistable one 
(e.g. si{bo) ). 
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2.2 Geometric height 



Now we apply the set-up in the previous subsection to the study a proper fiat family of 
polarized varieties with respect to Chow stability. Recall for a subvariety X C of 
degree d, the corresponding Chow point 

Chow(X) e P'*'" - P(5'ym''(C'^+')®<"+''). 

is the degree (d, • • • , d)-hypersurface in (]p^)"+i consisting of points {Hi, ■ ■ ■ , -ff„+i) £ 
(P^)"+\ where P^ is the dual of P^, such that C are hyperplanes satisfying 
Hi n • • • n Hr,+ i n X / 0. The group SL(iV + 1) naturally acts on P'*'" and C'pd,„(l) 
is SL(iV + l)-linearized. We say X is Chow (semi-) stable if Chow(X) G P'*'" is (semi- 
)stable with respect to the SL(A'^ + l)-linearization of the hyperplane bundle C'p<j,„(l). 
Similarly, let D = E'^^aiDi be a divisor of X with each Di C X being a prime divisor 
and (ai, • ■ • , a;) e Q>o- We let 

I 

Chow(X,D) — (Chow(X),Chow(Di),-- - ,Chow(A)) S P'*'" x ]^p'*-"-i 

i = l 

denote the Chow point corresponding to the log pair {X,D), where di — deg{Di). Let 
us consider the diagonal action of SL{N + 1) on P'*'" x HLi P''*'""^ We say (X, D) is 
log Chow (semi-)stable if Chow(X,i3) € P'*'" x nl=iP''-"-\ where d — {d,di, ■ ■ ■ ,di), 
is GIT (semi-)stable (cf. Definition 2) with respect to the SL(A'' + l)-linearization of 
integral multiple of the Q-line bundle 

7roC'pd,„(l) ® 7riC'pdi.„-i(c„ai) ® ■ ■ ■ ® 7r*C'j,d,,Ti-i(c„a;) 

covering the diagonal action of SL(Af + 1), where tt; denote the projection to the i^^ 
factor and c„ = ^r-^. We denote 

pd,n _pd,n ^ nUiP''"""', where d — (d,di,-- - ,di). 

Example 1 (cf. [HassetOS, LWll]). A weighted pointed nodal curve (X, a-x) consists 
of a reduced, connected nodal curve X, I ordered (not necessarily distinct) smooth points 

X = (a;i, ■ ■ ■ ,xi) G X' 

of X , and weights a = (ai,-- - ,ai), Oi £ Q>o, o/ x, such that the total weight at any 
point is no more than one (i.e. for any p £ X , '^^.^p Oi < 1). If in addition, ijJx{sl ■ x) 
IS ample then we call {X, a • x) o weighted pointed stable curve. 

A polarized weighted pointed nodal curve is a weighted pointed nodal curve together 
with a very ample polarization L. Then {X, a ■ x; L) is Chow (semi-)stable iff 

Chow(X,a-x) € P"^'^ 

obtained from the embedding X C TH'^{L) is GIT (semi-)stable with respect to the 
SL(Af + 1) -linearization of integral multiple of the Q-lme bundle 

TToOfd.i (1) ® 7riC'pi,o(ai) ® ■ ■ ■ (g) 7ri*C'pi.o(a;) 

since n = 1 and ci — 1. 

To fit the above geometric GIT construction into a family version over a proper 
smooth curve B, let us briefly summarize the construction of Chow section due to 
Mumford (for details please see [MFK94, section 5.4], [Zhang96, section 1.3] or 1BGS94, 
section 4.3]). Let B be an integral scheme f be a locally free sheaf of rank A'^-l- 1 over B, 
and X be an effective cycle of ¥£ :=Proj(Sym*£'), the projective space over B, whose 
components are flat and of relative dimension n over B. Thus we have diagram 
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X ^ Pf 



B B 

Let Op£(l) and C'p£v(l) denote the hyperplane line bundle of f£ and respec- 
tively. Then the canonical section of £ ® E'^ , which is dual to the canonical pairing 
S"^ ®£ ^ Ob, gives a section A of Opg (l)KIOp£v (1) over PfxPf'^. Let m denote the 
i-th projection 

TTi ; (P£:'')"+i — > Pf 

and Ai's be the corresponding sections of Opf (l)®7r*C'p£v (1) on ® (P£:^)"+\ Let 

n 

r:=f|Ar'(o). 

1=0 

If we regard the points of Pf ^ as hyperplanes of P£ then 

V = {{x,Ho,--- ,H„) £¥£®{r £'')"+'' I xeH.yi}. 
And if we regard F as a correspondence from ¥£ to (P£^)"+^ 



r c Pf ® (Pf ) 




n+l 



then 

y :=P2*(pI(A')nr) c (Pf 

will be a divisor of degree (c?, ■ • • , d) of (Pf^)""'"^ whose components are flat (c.f. 
[BGS94], Lemma 4.3.1) over B, where d is the degree of Xb C r£b := 71-^(6) for general 

Let Oyd,n{l) be the hyperplane bundle of 

Then the canonical pairing of {Sym'^£)^'-"+^^ ® (S'j/m''£:'')®f"+^' gives rise to a section 
A' of the line bundle 

Oj>d,„ (1) (g) TToOpgv (d) ® • ■ • ® TT^Opgv (d) 

on T'*'" X (P£:'')"+\ By treating points of P[(5'ym''£:)®("+^'] as hypersurfaces of {F£'^)"+^ 
of degree (d, • • ■ , d) , we can regard 

r' = {A' = o} = {(J/,yo,-- - ,2/»)l(yo,-- - ,yn) G^^-j. 

as a correspondence 



r' c J" (g) (Pf"" 



(P£: 



and section 

s(x,c)=pi4P2Ynr') (7) 

of y*'" over B corresponds to Y{X) via F' is the Chow section for X. 

Let us apply the construction above to the relative Chow varieties of a family of 
n-dimensional log varieties satisfying the following 
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Assumption 1. Suppose that X is a. separated scheme of dimension n + 1 and T) = 
E'^iOiDi with Vi C X he prime divisors. Let 

Tv:{X,V) — > B 

be a flat proper morphism over a smooth projective curve B. Let £ — A" be a hne 
bundle such that £ :— iifC is locally free of rank A'^ + 1. Suppose that the following 
conditions are satisfied: 

1. C is relatively very ample and H"{Xb, Ct) — St for every b E B; 

2. There is a nonempty open set U C B such that Chow (A:^, Ob) is a semistable point 
with respect to the polarization of C\x^ for all b £ U. 

From the above assumption, we may view the pair {X, D) as a family of effective 
cycles of P£ with £ = tv^C, 

{X,V) *- f£ 



B ^=^= B 

whose components are flat and of dimension n over B. Denote by do = deg A';,, di = 
degOilb, 1 <i <l, and we define 

i 

yd.n ._ydo,n ^ J-j-jd^.n-l ^jth d = (do,d) := (do.dl,-- - ,di). 

1 = 1 

For a = (a\, ■ ■ ■ , a;) £ (Q n [0, 1])', we introduce a Q-line bundle 

C'j.d,n(l, a) ■— 7roC'.j>d,„(l) ® 7riC'j,di,„-i(c„ai) ® ■ • • (g) iriOydi.^-i {cnai) (8) 

on y*'", where vr^ denote the projection of [pd,™ ^j-^g jth fg^g^Qj. Applying Mumford's 
construction of Chow section outlined above we obtain section S(x,t>;C)- 




By subsection 2.1, there is a height (cf. Definition 3) attached to the above family of 
GIT problem with G = SL{N + 1) and G = GL(iV + 1). To unwind the underlying 
meaning of the height in terms of the geometry of {X, D; C), we have the following: 

Proposition 1. For the section s^x,'d-x) constructed above, we have 

1. Choosing m £ Z such that Cnm ■ a £ W}'^^ , the Chow line is defined to be 



Chow / 

JV+1 



Pic(B) 9 A°'^°"(£):=W(^a,„,o 



(det S(;t._i5.£) (n* (n»Cj,d,n (m,ma))^ ® Opd.n (m,ma))) 

^^(n + l>-j®m ^ ^®c„ma\ ^'■"'^ ^ ^ £. V ^ ® (m(n + l)d+c„ mna-ti) 



where £^"+-'^^ and £|^*^ denote the Deligne pairings for the family {X, C) B and 
{V,C\t>) — i- B respectively (cf. [Deligne87, Chapter 6]/, £ = 7r,(£), a = "^^Oi, 
and 

i^d.a.,n = dim [sym^[Sym\<C''+^)) ® Sj/m^"™"- (5ym''(C^+i)) 
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2. We define the geometric height to be 
h{X,V;C) 



m Jd.a,^ V->o.^..^(— ^ deg(A«-(£)) 
^ -{(iV + l)£-det7r*(7r./:)}"+' 



(iV+ 1)" 

5. Let us define the Donaldson-Futaki invariant for the family {X, O; £) — s- B as 
DF{{X, V)/B, C) ■- (n + • {Kx/b + ©) - n/:"+ V 

mt/i /i := ■Y^^^-^—^- Then we have for fc 2> 1, 

h{X,V-C'') 

= ^11^ {{n + 1)£" ■ {K^/B nC"+^f,) + 0(fc'"-^) 



2n! 

Proof. It is a straiglitforward calculation whicli completely parallels to [Wangl2, Propo- 
sition 11]. We omit the details. □ 

For the later application, we will need the following technical result. 

Proposition 2. Let {X,T>; C) be a flat family satisfying Assumption 1 and let v : X" — > 
X be a finite morphism, which does not change the generic fiber over B. Assume X" is 
flat over B. Then 

1. There is a fco G N so that for k > ko the new family (A"", u'^V; [v* C)'^'^') satisfies 
Assumption 1; 

2. We have 

h{X\ u-^V- (//*£)®'=) < h{X, V; r®'') 
with the equality holds if and only if X" = X and 

DF((A'",//~'0)/B;!y*£) < DF((Af, £). 

Proof. The first part follows from the assumption that is a finite morphism. For the 
second part, if we write tt" = tt o then for any fc £ N we have 

^^^-^ {{N, + mu*C) - det (<.*£«^) 
= {Nk + l)fc"+'£" + ' - fc"(7i + l)degX ■ deg {det {tv^v.v" d^^^y^ 



where degX = [£|A^i,]" for a general fiber X — Xb and A^fe + 1 = dvxiH'^ {Xb, C\xf,), 
thanks to the projection formula //*(i/*£)""'"^ — £"^^. For the second term we consider 
the exact sequence 

> Ox > v*Ox'^ > Q > 0. 

Since by our assumption the support of Q does not dominate B, 7r*(Q ®Ox £®'°) is a 
torsion sheaf on _B. So for k sufficiently large, we have ci(7r*(Q C®^)) > and 
hence 

Ci(^,J..(j.*£®'=)) = Ci(^,(/.,(0;,.)®£';v'C®")) 

= ci (tt, (Q (g)o^ £®'=)) + ci (det(7r, (£»'=))) 
> ci(^,(£®'=)). 
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with the equality holds if and only if Q = 0. Putting these together, we immediately 
conclude that 

with the equality holding if and only if Q = 0. Finally, the decreasing of DF invariants 
under normalizaition follows immediately from part 3 of Proposition 1. □ 

Remark 2. This argument combined with [Wangl2, Theorem 7] simplify the proof of 
[RT07, Proposition 5.1]. We can apply this to the normalization X'^ of X when the 
generic fiber is normal, or more generally, the S2-hull A"" of X when the generic fiber 
satisfies the Serve condition 82- 

2.3 Height decreases along semistable replacement 

Let 

{X,V-C) ^ - - ^{X',V'-C') 




B 

be two birational families satisfying Assumption 1 and 

{X\V°-C\x^) ^ {X'\V'°-£!\x>^) over B° = B\{6o} 

where {X° ,V°) = {X ,V) Xb B° and {X'° ,V'°) = {X' ,V') Xb B°. Suppose there is an 
open U G B containing bo such that {Xt,Vb', ^\x^) is Chow semistable for all fo G [/ but 
(A'j'p , ; ) is Chow unstable. By the construction we performed in the previous 

subsection we obtain a section s^x,t>;C) for the fibration 

rpd,n ^ ^ 

Now we pick two points bo, bi £ U and a section 

such that a o s^x,'D;C){bi) 7^ for i = 0, 1, which can be achieved by the semi-stability 
of (Afc. , ©6. ; C\x^. ) for i = 0, 1. By Theorem 4, we obtain 

< h{X, V; C) < h{X',V' ■£.')■ (9) 
Hence we have the following 

Proposition 3. Let {X, !)■,£) B be a family satisfying the Assumption 1. We fix a 
point bo £ U. Then for any family {X' ,1)' ; £') flat over B satisfying the first part of 
Assumption 1 and 

{X°,V°-C\x^) ^ {X'°,V'°-C'U.^) overB°=B\{bo}, 

we have 

< h{X,V-C) < h{X',V'-C') 
with '=' holds if and only if Chow{Xl,VL; C\x' ) is S- equivalent to Chow {Xtn,,Vtg; £\xh ] 
mP[(Sj/m''C^+i)®("+i']. 

Proof. By the discussion in the beginning of this subsection, we only to prove the 
case. Suppose that Chow( A"/, ;£' I ) is not S-equivalent to Chow(Ai,„ , ; ) 
then it must be unstable and hence we have strict inequality (9). Thus our proof is 
completed. □ 
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Corollary 1. Let {X, V; C) ^ B is a family of polarized variety. Assume , ; C'^''\xf,^ ) 
IS Chow semistable for infinitely many fc > 0. 

(1) If the general fibers Xt are normal, then the total space X Xb U is normal. 

(2) for any pair {X' ,T?' \ C') over B satisfying 

{X°,V°-CU'>) = {X'°,V'°-C'\x'-') overB° = B\{bo}. 

we have < r>F{{X ,V) / B, C) < DF{{X' ,V')/B, £,'). 

Proof. (1) It follows from Remark 2. 

(2) Suppose there is a pair {X' ,V' ; £') over B satisfying 

DF{{X,V)/B,£) > DF{{X',V')/B,C'). 

By the third part of Proposition 1, we deduce that for sufficiently large > 0, we have 

h{X,V; > h(X',V';C'^'"), 

contradicting to Proposition 3. □ 

3 MMP and KSBA-stable family 

As we mentioned in the introduction, if we take the limit of the normalized Chow 
heights then what we obtain is the degree of the CM line bundle. The corresponding 
notion of stability that minimizes the degree of CM line bundle is K-stability. In gen- 
eral we do not know whether K-stability yields a reasonable moduli space. However, 
in the canonically polarized case, there is another notion of stability called KSBA sta- 
bility developed to compactify the moduli space of canonically polarized manifolds (see 
[KSB88, Alexeev96]), which indeed gives rise to a moduli space of K-stable varieties 
(see [OdakalO]). In this section, we prove a family version of Odaka's result, namely, we 
show that the KSBA stable compactification minimizes the degree of CM line bundle 
among all compactifications of a KSBA stable family over a non-proper smooth curve, 
using the similar calculations from [OdakalO] and [LXll]. 

For the purpose of this note, we only consider a family over a 1-dimensional space 
with the generic fiber being normal. All results here can be easily generalized to the 
case that the generic fiber is semi-log-canonical, which is the class of singularities the 
fibers of a general KSBA-stable family shall be allow to have. 

Definition 4. Let {X,TJ) be a pair which is projective flat over a smooth curve B. We 
call {X, V) is a KSBA-stable family over B if 

1. Kx + T) IS Q-Cartier, 

2. for any b £ B, {X ,T) -f Xb) is log-canonical, and 

3. Kx IS ample over B. 

We remark that in this note we only define the KSBA-stable family over a one 
parameter base. In fact, since in general for a KSBA-stable family Ox{n{Kx+'D))'E>Oxi, 
may not be the same as Ox^{n{Kx^ + 'Db)) for a point b £ B, we avoid the subtlety of 
defining a KSBA-stable pair in this note. 

We know that any component of T> dominates B. We first recall the following 
theorem proved in [HXll]. 

Theorem 5. Let {X°,V°) B° be a fiat family over B° = B \ {bo}, where B is a 
smooth curve, which is a KSBA-stable family over B° . Then there is a finite surjective 
base change h : Bi ^ B with a KSBA-stable family {X" ,1)") over a smooth curve Bi 
such that 

(A'^0^)|,-l(so) -(A-M?") XBh-'{B°). 

Furthermore, if there is another KSBA-stable family {X" satisfies the above condi- 
tion, then {X'',V) ^ (A^",©") over Bi. 
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Proof. See [HXll, Section 7]. □ 

It is easy to see that if : i32 — > -Bi is a finite morphism, then {X" ,1)") x Si -B2 yield 
the unique KSBA-stable compactification of {X°,V°) Xsi over B2. Next we 

show that the above process indeed minimizes the DF-invariant. 

Theorem 6. Let (X",!)") be a KSBA-stable family over a smooth projective curve B. 
Let bo £ B and B° = B \ {bo}. Let [X,T>;C) be an arbitrary flat family of polarized 
varieties over B satisfying 

(A',0;£)|so ^ (r©''))|so 

for some r > 0. Then we have 

DF((A'M?^)/B,41(rI?)) < Y:>F{{X,V)/B,C). 

Furthermore, if X is normal then the equality holds only if {X ,V , C) = (A"*, 2?'', ajj^l (r2?)) 
over B. 

Proof. Let X^ be the graph of the rational map X X" , then we have morphisms 

X" 




X X" . 

Thus we can write 

rpiiKxs +V') + E = p\{C) 
for some divisor E supported on the special fiber. Now we define a function 

f{t) = (71 + l){rpl{Kx^ + + tEY ■ pI{Kxs/b + - -n{rpl{Kx' +V)+ tEr+\ 

r 

thus /(O) ^r>F{(X',V'')/B,r{Kxs +©")) and 

DF((A', V)/B, C) - /(I) = (n + l){pUT ■ F, 

where if we denote by 23® C X^ the birational transform of , then 

F = Kx^+T>o -p;{Kx^+V'). 

Since {X",!)" + Xq) is log canonical, and for any prime divisor G whose center on X" 
is contained in Xq, the discrepancies satisfy that 

-1 < aiCX'.V" + X,^) = aiCX^V) -vg{XS) < aiCX^V) - 1, 

we have a{G, X" ,V) > 0. Thus F is an effective divisor supported on the fiber X^ over 
0, from which we conclude that 

DF((X,V)/B,£) > /(I). 
On the other hand, E being supported on special fiber implies 

^{to) = -ton{n + l){rpUKx^ + V') + toE)"-' ■ E^ > 0, 
dt 

by Hodge index theorem. As X^ is a graph, we know that 

rp2{Kx^ +V) + toE = (1 - to)p*2{Kx top*i{£) 
is ample over B for any to G (0, 1). So ^ {ta) > if i5 7^ 0. Thus we conclude that 

DF((A'^D^)/B,£) = /(O) < /(I) < DF{{X,V)/B,£). 
with the equality holds only if = 0. When _E = 0, rp2{Kx= + T>") = pi£ and hence 

X' = PToiR{XyB,rp2{Kx' ^ ProjRiX" /B,plC) ^ X, 

where the last equality follows from the assumption that X is normal. □ 
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Proof of Theorem 2. By Corollary 1, [X^ ,T>^ , C) minimizes the DF invariants among 
all compactifications of (A",©) x_b B° over B where B° = B \ {bo}, and is normal. 
Therefore, Theorem 6 implies {X^ ; £) is indeed a KSBA-stable family over B. By 
the uniqueness (cf. Theorem 5), we must have 

{X',V'>;C)^ [Xb,Vb;Jx\{^-Vb)) . 
Hence the proof is completed. □ 



4 Examples 



In this section we present some examples which we can use Theorem 3 to show that 
there does not exist an asymptotically log Chow semistable limit. 



4.1 Log curves 

In this subsection, we will discuss the examples of log curves. We will use the calculation 
obtained in [LWll]. 

Let TT : [X, a • s) — >■ B be a family of weighted pointed stable curve (cf. Example 1 
for definitions ) over B with I sections s = {si}'=i of A" — >■ B, a g[0, 1]' fl Q', that is, for 
each b £ B, {Xt, a ■ s|i,) is a weighted pointed stable curve. 

By definition, such a family is a KSBA-stable family over B. However, whereas a 
smooth weighted pointed stable curve is always asymptotically Chow semistable, there 
are examples of nodal curves {X, a • x) is not asymptotically Chow semistable for the 
embedding X C rH°{uj§-''{ra • x)) for r > 1. 

Recall from [LWll, Proposition 1.6 ], a polarized weighted pointed nodal curve (X, a- 
x; L) with dega;x(a ■ x) > is Chow semistable for deg^ X > N{a,degijJx{8L ■ x)), 
a constant only depends on a and degu}x{a • x), if and only if for any subcurve (not 
necessarily connected ) Y C X we have 



{degujxja ■ x)|y) 
deg LJx (a ■ x) 



degr^X 



£v 

< f (10) 



where iy is the intersection of Y with its complement in X. In particular, for a weighted 
pointed stable curve {X, a • x; L :— u}^^{ra ■ x)) is asymptotic Chow stable if and only if 
for any subcurve Y G X we have 



(degi 



Y+ ^) - deg(a;x(a-x 
^j^Y 2 / deg LJX (a -x 



iL , I s deg(a;x(a-x)|y) iy 

- \deg(ujx\y) ^ -, r— degux < — 

2 deg ujx (a • x) 2 



n 

(deg,x + Ey 



(11) 



However, it is easy to see from (11) that if there is a subcurve satisfying deg((^xjv') > iy, 
then a sufficiently large total weight of the points on the complement of Y will prevent 
X being asymptotically Chow stable for the polarization ajx(a ■ x). 

Example 2. Let X be a one point union of two smooth curves Xi, i = 1,2 with genus 
gi > 1,32 > 1 such that x supported on X2 \ {Xi 11X2}- Then we have deg{ujx\xi) = 
2gi — 1,1=1,2 and ix^ = 1, from which we deduce that the following inequality 



Ixi < deg{bJx\xi) 



deg(a;x(a- x)|xi) 
degujx{a ■ x) 



degcux = (2gi - 1) 1 



gi + .92 - 1 
31 +32 - 1 + ELi 
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is equivalent to 



gi + g2 - 1 
2(ffi - 1) 



deg ujx 



(12) 



2 deg iJxi 



So as long as the the total weight satisfies (12), inequality (11) will be violated and 
{X, a • x; u}^^{ra ■ x)) is Chow unstable for r S> 1. 

If we choose {X, a • x) to be one of the above example and put it in a family tt : 
{X, a • s) — ^ B, such that the general fibers are smooth weighted pointed stable curves 
and the special fiber over bo is iX,a ■ x), then it is a KSBA-stable family. However, 
there is no L on X so that {X, a-x; L^^) is Chow semistable for r ^ 1, since were there 
such a line bundle, by letting r — >■ oo and applying (10) we immediately see this is only 
possible when L is proportional to lox{sl ■ x), contradicting to the fact that {X, a • x) is 
chosen from Example 2. 

On the other hand, it was also proved in [LWll] that we can always find {bi}i C Z 
independent of r such that polarized weighted pointed nodal curve 



is asymptotically Chow semi-stable for r 3> 1, where Xi's are irreducible components of 
X. So for the log curve case, the pathology of nonexistence of asymptotic GIT filling 
was remedied by vary the polarization while keeping the underlying curve X unchanged. 
This in particular allows us to identify the GIT coarse moduli of weighted pointed stable 
curve with the one constructed by Hassett [Hasset03]. Also see [SwinarskiOS, 8.1] for 
another GIT approach by varying the linearization weight (instead of a) on the marked 
points. 

4.2 Surfaces 

Now we consider canonically polarized surfaces without boundary. Given a family of 
canonically polarized smooth surfaces X° over B \ {bg}. They are asymptotically Chow 
stable (see [Gieseker77]). After possibly a base change B, we assume we can compactify 
X° to get a KSBA-stable family X over B. In this case we know t^^^'lArbj^ = i^^l ^o'" 
any r > 0, i.e., it satisfies KoUar condition (see [HackingOl]). 

Let us assume p £ Xtg is a normal point, which is a terminal point on the total 
family. Then it has surface singularities of class T, i.e., cyclic quotient singularities of 
type 



(see [KSB88]). 

We recall that the multiplicity of a general rational singularity is —Z^ where Z is the 
fundamental cycle (cf. [Artin66, Corollary 6]). When the singularity is a cyclic quotient, 
the fundamental cycle Z is the sum of all exceptional curves in the minimal resolution 
with multiplicity 1. In general, the multiplicity of a T-singularity could be arbitrarily 
large. On the other hand, any weakly asymptotically Chow semistable polarized variety 
{X,L) should satisfy multi,(X) < (dimX-f 1)! for any closed point x £ X (see [Mum77, 
Section 3]). Out of this, we can construction many examples. We will exhibit two types 
of explicit examples in the following paragraph. 

Hypersurfaces (after Kolldr): For m > 30, consider 



X = {w"'-\xyz^ + y") + w""-^" + t^^w"" + + y"" + z"^ = 0) £ r{x, y, z, w) X C[t]. 



For a general t, Xt is smooth. However, Xo has a singularity at (0,0,0,1), which is 
indeed not log canonical. We take a partial resolution by performing a weighted blow 
up g : 2 ^ X at P = (0, 0, 0, 1) x with weight (1, 5, 6, 1). Let p : y ^ X he the 
birational transform. Then yo has two components. 



(X,a-x;a;f(ra-x) ® C'x(S,6,Xi)) 



— (1, an — 1) with (a, n) — 1. 
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We claim 3^o is semi-log-canonical. Locally over P, Z has a quotient singularity 
Q of type 1(1,5,-1,1). Here we use ^(ai, a„) to denote the quotient singularity 
C"/{'L/r'L) by the action {xi,...,Xn) — >■ {n""^ ^"'^ Xn) where ^ is an -primitive 

root of unit. Since the changing of the variables is given by the formula 



X = xizi,y = yizi,z = zl,t = tizi, 
locally at Q, 3^ is given by 

{xiyi +yt + zf + tl° + (higher orders) = 0) C i(l, 5, -1, -1). 

The exceptional component E of 3^o is given by {zi — 0) , which is indeed normal. Denote 
by {Kyo + E)\e = Ke + C, then around Q, 

CC-BCP(1,5, -1,1) = F 

is given by the equation 

{xiyi -I- yi -f (higher orders) = 0) C {xiyi +yi + tf + (higher orders) = 0) C i(l, 5, 1). 

By inversion of adjunction, we know that yo is semi-log-canonical at Q. Hence 3^0 is 
semi- log-canonical. 
It follows from 

Kz = q''Kj.3y,^^+12F and q*{X) = y + 30F 

that {Kz + y)\y ^ Ky ^ p*0{m - 4) - 18E. For any number a > 1, q*0{a) - F is 
ample on Z, which implies Ky is ample since m = deg(A't) > 30 > 22. Thus y ^ C[t] 
is a KSBA-stable family. 

However, Q G i5 is a T-singularity of type 

-!-(l,an- 1) = —(1,29). 
an2^ ' ^ 180^ ^ 

Its resolution is given by (7,2,2,2,3,2,2,2,2), where (6i, 62, 6n) denotes the dual 
chain of the exceptional curves with self-intersection numbers —bi,..., — &„. So its mul- 
tiplicity is 8. Thus multQ3^o > multQi? = 8, which implies 3^o is not asymptotically 
Chow semistable by Mumford's theorem. 



Surfaces with small topological invariants: There are more complicated examples com- 
ing from the degeneration of canonically polarized surfaces with small topological invari- 
ants. In fact, in [LP07], the authors constructed a rational surface X with 5 singularities 
and ample canonical class, which can be smoothed to a family of canonically polarized 
surfaces Xb with pg — and Kx^ = 2. The minimal resolutions of the five singularities 
are given by the chains of of type 

(4), (2, 5), (2, 7, 2, 2, 3), (7, 2, 2, 2), (2, 10, 2, 2, 2, 2, 2, 3). 

These singularities have multiplicities 4, 5, 8, 7 and 11. The last three violate Mumford's 
inequality. 

See [LNll, Section 7] for more examples in this manner. 
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